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This paper is intended to be the first in a series on subgroups of Conway’s 
group 9. The first and second of the series are adapted from the author’s 
Ph.D. dissertation [l], and are respectively concerned with lattice stabilizers 
and 2-local subgroups, while it is hoped that a thi.rd paper will complete 
the enumeration of all the local subgroups. A complete description of all 
the maximal subgroups of .Q is not envisaged. 
Much of the notation of this paper is taken from [2, 3, 41, to which the 
reader unfamiliar with any of our terminology should refer. In particular, 
we recall that .O has a maximal subgroup N = 21aMa4 whose structure 
we shall regard as known. The maximal subgroups of MZ, were with one 
exception listed in [5], and completely enumerated in [6] (amended), and 
have been described in some detail in [4]. Further information about Ma, 
(including a new proof of completeness of this list of subgroups) and about 
the group N will be found in [l]. 
This paper is devoted to a proof of the following theorem. 
THEOREM. If G is any subgroup CI~ .O which jixes a nonzero lattice vector, 
then there exists a chain 
where / K,;-r: Ki j = 2 for each i, and either I& G N or KO is contained &z 
the stabilizer of one of 11 particular lattices called .Y-lattices. The complete 
automo~p~ism group of each Y-lattice is described, and transitivity of . 
.9-lattices of each particular shape is verijied. 
The subgroup structures of all the Y-lattices are fairly well known, and 
by the remarks above, so is that of N. In particular our theorem can be used 
to show that no further new simple groups arise among the stabilizers of 
nonzero vectors of the Leech lattice A. But note that the theorem does not 
actually entail a complete list of maximal lattice stabilizers. 
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We shall use the term n-vector for what was called in [2] a vector of type n. 
We recall that in [2, 3, 41 it is shown that the 4-vectors fall naturally into 
sets of 48 consisting of 24 mutually orthogonal pairs of opposite vectors, 
and we introduce the abbreviated term cross for such a collection. 
DEFINITION. A sublattice 9, of the Leech lattice fl, will be called an 
Y-lattice if the subgroup of -0 fixing 9 pointwise, S(Z), 
(a) fixes no cross, and 
(b) has no subgroup of index 1 or 2 fixing a larger sublattice pointwise. 
In particular this definition implies that the lattice contains no 4-vector. 
Nor can it contain a 6-vector of type 6,, since to each such vector there 
corresponds a unique cross, every branch of which bisects the 6-vector. 
We shall denote the short vectors of 9 by L, (where short means 2-vectors 
and 3-vectors) and the n-vectors by L, . By Theorem 10 of [2] we see that 
every vector of A is congruent modulo 2f.l to a unique 2-vector, a unique 
3-vector, a set of 24 mutually orthogonal 4-vectors forming a cross or is 
actually in the lattice 211. Thus if v E Z’\L, and v 4 2fl then the unique 
short vector to which v is congruent modulo 2/l must lie in L, . 
As is apparent in the figure, if v is congruent to the short vector w modulo 
2A, say v - w = 2u, then the midpoint of v is the midpoint of the interval 
AB and this is the unique short interval bisecting v. 
FIGURE I.1 
THEOREM 1.1. An Y-lattice 9, is spanned by its short vectors, L, . 
Proof. Let ZS = Z(L,) and suppose v to be a vector of shortest length 
in 9?\9 . Now v possesses a unique short bisector v, , say, which must, 
therefore, be fixed by S(9). Thus v, EL,. 
But in Figs. I.1 and la, either OB or OA is shorter than v and so belongs 
to -Ep, . That is, v E -Ep, , which is a contradiction. Thus Y\PS is empty. 
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FIGURE I.la 
THEOREM 1.2. If an Y-lattice contains two 2-vectors, thm it is ~en~~~~~~ 
by its 2-vectors. 
PYOC$ Let v and w be in L, and let u EL,\Z(L,). Choose signs so thafz 
v .a, w . u > 0. Now: 
EL, 3 it is the sum of two 2-vectors 3 t5 E %(-LB). 
Q - u EL* + contradicts (a). 
,-uELZjtl=V+(u-v)EZ(Lz). 
EL, ) i.e., v . u = 16. (Similarly w . ==16).Letx=(v+w- 
x=3*16+2v*wandv.w= 
XEL~ * u~Z(L~).v*w = -16 +x*x=l6whichi 
8 3 x EL, . Contradicting (a). v . w = -8 z= x EL, 
elude that L, C Z(L,) and so by Theorem 1.1, 9 = Z&J. 
FIGURE I.2 
COROLLARY. If 9 E 3, (the Set of Y-lattices of &?%en.sion n) n > 2 &B 
2-F = Z(L,). 
PYOO~. Suppose that 9 contains at most one 2-vector and that dim 9 > 3. 
Choose w so that w EL, if L, is nonempty and w EL, otherwise. C 
II, v ELM so that u, v, w are linearly independent. Suppose 11 . v >, 0 and 
observe we must have II - v EL, (for tr - v EL, v L, w L, contradicts the 
assumption that there are no 2-vectors apart from, possibly, w in 9). Thus 
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u and v together generate the triangular lattice of Fig. 1.3. Without loss 
of generality we may assume that the projection of w onto the plane of 
this lattice falls in the equilateral triangle two of whose edges are the vectors 
u and v (by, if necessary, renaming u and v). Therefore the simplex of 
Fig. 1.4 occurs in the lattice. Now if x = (u - v + w) then x . x = 
w + w + 3 . 16. Since w . w = 2 . 16 or 3 . 16, x is either a 5-vector or a 
6,,-vector. In both of these cases the space contains, therefore, at least 
two 2-vectors, which is a contradiction. 
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FIGURE I.3 
FIGURE I.4 
THEOREM 1.3. An Y-lattice of dimension n contains 2” - 1 vectors of 
lengths 2 or 3. 
Proof. Every vector of A is congruent modulo 2A to a unique short 
vector or to each of a set of mutually orthogonal 4-vectors (24 such forming 
a CYOSS as in Theorem 10 of [2]). If v E A?, an Y-lattice, condition (a) + there 
exists a unique v, E A, u A, so that v = v, (mod 2/l), and condition 
(b) + v, E 9. The set (vs ; v E 9} form a vector space .Z*, over GF, if 
we define v, + w, = (v + w), . Now suppose {vi ; i = 1 - n} is an integral 
basis for 9. If C Xivis = 0 (mod 2~9, where Xi E 2, then ‘JjJ &vi = 2w for 
some w E A. Condition (b) * w E 9 and so w = C pivi , pi E 2. Thus 
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c (A,/2 - &Vi = 0 a X,/2 = pi for all i = 1 - 6. So hi E 22 for all P: 
and the vis are linearly independent in 9*. I’lainly the dimension of 59 
cannot exceed the dimension of 9 and so there are exactly 2” - 1 short 
vectors in 9. 
Notation. An Y-lattice 9, will be said to be of type 2’ . 3* if it contains 
P2-vectors and K 3-vectors. Note that the dimension of the lattice is given 
by the expression log@ + K + 1). In practice there will never be more 
than one lattice of a given type and so the symbol 2I . 3K will serve as a 
name for a particular Y-lattice. We are now in a position to find and name 
all Y-lattices. To preserve the continuity of the argument the proofs of 
the transitivity of .O on various sets of vectors will be postponed until t 
end of the paper. 
THEOREM 1.4. 
y; = (21 . 30,20 * Y} 
Y2 = (23 . 30,2” * 31,21 . 32,20 ~ 33). 
Proof. The theorem merely asserts the existence of the simplices in 
Fig. I.5 and the group -0 is transitive on each of th.ese. 
FIGURE I.5 
By the corollary to Theorem I.2 we may now restrict our attention to 
the 2-vectors in our lattice. Suppose, that there are three linearly independent 
2-vectors in the Y-lattice 9. If 9’ contains 23 . 30 let 
a . v = 16 and suppose, without loss of generality, &at 
u~x4?J,v~w>o. 
If tl . w = v . w = 16 then u + v - w EL,, contradicting (a) 
If u * w = v + w = 8 then u + v - w ~~~~~ s contradicting (a>. 
Thus the only possibility is u . w = 16 and Y . w = 8, i.e., the simplex 
of Fig. I.6. The group .O is transitive on such simplices. 
Suppose now that u, v, w EL, and that each of tt ~ v, u . w and Q ~ 
is *8. So by replacing a vector by its negative if necessary we may assume 
either 
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(1) u.v=u.w=v.w=8,or 
(2) u . v = u . w = 8, v * w = -8. (See Figs. I.7 and 1.8). 
These are the only possibilities and .O is transitive on such sets of three 
vectors. !! 
2 
2 
0 4 2 
w 2 
2 3 
” : 
FIGURE I.6 
We investigate them in turn. The lattice given by the simplex of Fig. I.6 
contains five 2-vectors u, v, w, u - v and u - w and two 3-vectors v - w 
and u - v - w. A table of inner products (i.p.‘s) between the five 2-vectors 
shows that one, u, is special. Thus: 
-U V W u-v u-w 
-U 4 -2 72 -2 -2 
V -2 4 1 -2 1 
W -2 1 4 1 -2 
u-v -2 -2 1 4 1 
u-w -2 1 -2 1 4 
where these values are to be multiplied by 8 to give the actual inner products 
in the scale we are using. This Y-lattice thus has the name 25 . 32 (or, more 
strictly 21+4 . 32). The simplex of Fig. I.7 does not give an Y-lattice as it 
stands since u + v - w EL, and the unique pair of 2-vectors which sum 
to this are not in the 3-dimensional lattice. Adjoining these vectors, however, 
we get a 4-dimensional Y-lattice containing nine 2-vectors and six 3-vectors. 
The 2-vectors are best labeled cij where i = 1, 2, or 3 and j = 4, 5, or 6. 
Here cij . ckz = -16 if i, j, k, and 1 are all distinct and cij * cir = 8 if j # 1. 
In our notation this lattice will be called 2g * 36. 
The simplex of Fig. I.8 generates a lattice containing just the three 
2-vectors u, v, and w, and the four 3-vectors u - w, u - v, v + w, and 
u - v - w. We choose the three vectors -u, v, and w as basis since 
any two of these have i.p. -8. This lattice will be called 23 . 34. 
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FIGURE I.7 
FIGURE I.8 
Suppose, now, that our lattice contains four linearly independent 2-vectors. 
If it contains a 23 . 30 sublattice then we may assume, as above, that it contains 
a P . 3a lattice. We have the situation of Fig. I.9 where the vectors U, v, w 
generate the 25 . 32 lattice and we may assume that . . t > 0. NQW if 
u.t=16then v-t$L,uL, since both Svectors and &,-vectors are 
uniquely expressible as a sum zf two 2-vectors. Fpurther v - t EL, con- 
tradicts (a), and v - t ELM implies u f v - t E& which again contradicts 
(a). Thus v - t eL3 and similarly w - t EL, and we get the simplex of 
Fig. 1.10. Again .O is transitive on such simplices. 
!! 3 I 
FKXJRE 1.9 
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FIGURE 1.10 
Otherwise u . t = 8 and we see that v . t, w . t # 0, 8, or 16 since in 
each case this contradicts (a). Thus the only possibilities for v . t and w . t 
are 16 and -8. All four simplices appear in the lattice 2s . 36 and so we get 
nothing new. 
We may now suppose that our lattice contains no 23 . 3O sublattice, i.e., 
every i.p. between the four linearly independent 2-vectors is either 8 or -8. 
By replacing a vector by its negative, if necessary, we may achieve one 
of the following: 
(1) all 8, 
(2) just one -8, 
(3) all -8. 
(1) gives a 6-vector. (u + v - w - t E&J. If this is a 6,s it contradicts 
our assumption that there was no 23 * 3O sublattice. If it is a 623, it con- 
tradicts (a). 
(2) gives a 4-vector (if w . t = -8 then u + v - w - t EL& which 
contradicts (a). 
(3) gives a 4-dimensional Y-lattice having five 2-vectors s, t, u, v, w 
where s + t + u + v + w = 0 and the i.p. of any two of these is -8. 
Thus this is the lattice 2 5 . 31°. .O is transitive on such sets of vectors. 
The simplex of Fig. 1.10 does not generate an Y-lattice as it stands since 
it gives 5-vectors whose associated 2-vectors do not lie in the lattice. 
Adjoining these 2-vectors, however, increases the dimension to six and 
we get an Y-lattice containing twenty-sevenZvectors and thirty-six 3-vectors. 
The 2-vectors may be labeled: 
ai > 6, , cij i,j= l-6 > i#j 
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ai + b, + cij = I), cij + Clcl + Grin = 0 if i,j,K,I,m,n = I-4, 
and 
ai . bi = ai . aj = b, . bj = ak . cij = b, . cij = cij . cik = 8 
for all i, j, R distinct. This is the lattice 227 . 3a6. 
We now require the following lemma. 
LEMMA 1.1. Every Y-lattice of dimension greater thaw few contaim a 
sublattice 23 . 3O. 
Proof Let L? E Pn, n > 4, contain no sublattice 23 .3O and let s, t, u, v, w 
be five hnearly independent 2-vectors in 8. By the above, we may assume 
thats.t=s.u=s.v=t.u=t.v=ta.v=-8andthatatleast 
two of s w, t . w, u . w, v . w are -8, say s . w = t . w = -8. Thus 
we have Fig. 1.11 where only the i.p.‘s u . w and v . w are unknown. B,ut, 
looking at the simplex given by s, t, u, w, we see that the lattice they 
generate is illegal unless u . w = -8, and similarly for v . 
9 . (t + II. + v + w) = 4. (-8) = -32 and so s + t + 
and the five-vectors were not linearly independent, which is a contradiction 
FIGURE I.1 1 
&IROLLARY. Any Y-lattice of dimension greater than four contains a 
sublattice 2g . 36. 
Proof. As seen above any Y-lattice of dimension greater than or equal 
to four and containing a 23 ’ 30 sublattice must contain either the lattice 
2s . 36 or the six-dimensional lattice 2 27 . 336. To prove the corollary we 
observe that the former is contained in the latter. For consider the sublattice 
of 227 * 336 generated by: cii for i = 1, 2 or 3, J’ = 4, 5 or 6. 
It is precisely 2s . 36. 
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We shall now prove that it is not possible to extend 2g . 36 except to 
227 * 336 and that the latter is a maximal Y-lattice. 
LEMMA 1.2. If a 2-vector is adjoined to the lattice 2s . 36 then the resulting 
lattice either contains a copy of 2 27 . 336 OY its stabilizing group in .O lies in a 
copy of N. 
Proof. We note cl4 + cz5 + c36 = 0 * x . cl4 + x . cs5 + x . c36 = 0 for 
any x E /l. But if x E fl, is a vector adjoined to 2g * 36 so as to generate no 
4-vectors then each of the above i.p.‘s must be &16 or &8. Thus one must 
be 116 (view mod 24). Suppose, therefore, x . cl4 = -16 and observe 
that x * cii = 8 for i = 2 or 3, j = 5 or 6 is then forced. But now the simplex 
formed by the vectors -cl4 , ca5 , cs6 , and x is precisely the simplex Fig. I. 10 
which originally gave rise to 227 * 336 (see Fig. 1.12). 
0 
2 2 
2 2 
x. @ - 74 
3 3 2 
2 
%% 3 ‘25 
FIGURG I.12 
LEMMA 1.3. 227 1 336 is a maximal Y-lattice. 
Proof. We shall show in a moment that the twenty-seven 2-vectors in 
this lattice have the whole “27 lines group” ~~(2) .2 permuting them. 
Here we shall only require that geometrically each of these 2-vectors is 
embedded in the lattice in the same manner. As in Lemma 1.2, we may 
assume that an adjoined 2-vector has i.p. 16 with some 2-vector in the space, 
say x-b,=-16. But now, since ai+b6+c,,=0 for i=l-5, we 
must have x * ai = 8 for i = 1 - 5. 
Now 
a5 = -b, - cG6 = --b, + cl2 + c34 = --be, - c35 - c46 - $5 - $6 
= --6, + a3 + 4 + a4 + b, + a, + b, + a2 + b, 
= b6 + 2b5 + al + a2 + a3 + a4 . 
Therefore 2b, . x = -8, i.e., 6, . x = -4 which is impossible. Thus the 
lattice 227 . 336 is maximal as asserted. 
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We now prove transitivity of .O on those simplices for which we have 
claimed it. The proofs will imply the actions of the group on these lattices. 
The MOG Arrangement 
In our proofs of transitivity of .O on the Y-lattices of each particular 
shape it is necessary to be able to recognize lattice vectors at a glance, and 
this problem reduces in essence to that of recognizing when a given set 
of eight coordinates forms an octad. In Chapter 1 of [l] we introduced 
OG arrangement (Fig. 1.13) f or coping with such problems, and we 
briefly describe its properties here. 
FIGURE I.1 3 
One of the pictures shows the 24 points ~3, 0, 1,2,..., 22 of Q in the 
M8G arrangement. Each of the other pictures shows the same set of 24 
points partitioned into six tetrads which form a sextet, so that the union 
of any two tetrads is an octad. (Two of the tetrads are the black and white 
points in the left-hand “brick” of the picture, and the remaining four are 
indicated in a similar way by the symbols in the right-hand “square” of the 
same picture.) In this way we get aZZ the octads which intersect the left-hand 
brick in four points, and since the six operations which bodily permute 
the three bricks are in fact permutations of I’&., we can just as easily find 
all the octads which intersect any one of the three MOG bricks in four points. 
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But this means that we can easily locate all the 759 octads of S(5, 8,24), 
since in fact any octad other than one of the three MOG bricks intersects 
at least one of those bricks in just four points. 
In [l] it is shown how the MOG arrangement can be used to find V-sets 
and permutations of Ma4 with prescribed properties. It is hoped, however, 
that the much briefer description given here will enable the reader merely 
to check that the vectors and operations described in the rest of this paper 
have the properties required of them. 
The SMOG arrangement, which is briefly used towards the end of the 
paper, is 
co 22 14 17 11 19 
0 2 6 1 18 4 
3 9 12 8 16 13 * 
15 10 7 5 21 20 
s 
We shall not describe its properties here in more detail (see [l]). 
Transitivity Section 
Proofs of transitivity will often depend on the demonstration of fusion 
of established orbits under certain elements of .O. To this end we recall 
the element i$ of the Conway paper [2]. T ’ h 1s ere a set of four points which 
thus define a sextet 8 = {T, U, I’, W, X, I’}. The set of tetrads of this 
sextet is denoted by the symbol E(T). If the coordinate vectors of the space 
are vi the symbol v, means CisA vi . The action of &- is to take vi to 
vi - (l/2)vz if i E 2 E E(T) and 2 f T, and to take vi to -vi + (1/2)v, 
if i E T. That is, we sum the coefficients in a given tetrad and subtract the 
result from each of the original coefficients in that tetrad. We then change 
the sign on the tetrad T. 
Transitivity on 2-vectors 
Under the action of the group N = 2r2 . l&, there are three orbits of 
2-vectors: 
759 .2’ of shape 28 . Or6 where the nonzero entries occupy an octad 
and have positive product; 
24 * 212 of shape 3l . 123 where the entries which are congruent to 
1 modulo 4 occupy a V-set; 
(g”) * 22 of shape 42 . 022 (the shape is everywhere to within sign). 
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Let T be the first column of the MOG. Then 
looking only at the coefficients in the first MQG octad. 
Transitivity on 3-vectors 
Under the action of N there are four orbits of 3-vectors: 
2576 . 211 of shape 212 CP where the nonzero entries occupy a dodecad 
and have positive product; 
(f”) . 212 of shape 33 . 121 where the entries congruent to 1 mod&o 4 
occupy a g-set. 
759.16.28 of shape 41.28.015 where the 2’s occupy a g-set and 
have negative product. 
24 . 2r2 of shape S . 123 where the entries congruent to 1 rnodu~o 
occupy a g-set. 
again looking at the coefficients in the first MOG octad. The orbit lengths 
implied by this fusion are not consistent with the order of XI and so there 
must be just one orbit. 
Transitivity on Triangles of Shape 222 
We show that the stabilizer of a 2-vector, ip, is transitive on those 2-vectors 
having i.p. 16 with u. Now the vector -421, + vo is fixed by the element a 
of M24 which takes vi to vi+r and it is the only 2-vector fixed by it. Thus 
every orbit of the stabilizer of u on 2-vectors is divisible by 23. 
we chosen the vector 4(v, + v,,) as u the orbits of the group 21n . &Is, 
(which fixes the new u) on vectors of the required type would be: 
shape 
4 4 022 
4 0 4 021 
2 2 26 016 
3 1 (-1)’ 1s 
number number mod 23 
2.22.2 -4 
77 .25 3 
2 . 210 1 
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Clearly the only possibility is that they all fuse. The stabilizer of the lattice 
23 . 3O thus has order 215 * 36 . 5 .7 . 11 and is, in fact, PSUs(2). The full 
automorphism group of the lattice is 2 * PSU,(2) . Ss . 
Transitivity on Triangles of Shape 223 
As above, we show that the stabilizer of a 2-vector, u, is transitive on 
those 2-vectors having i.p. 8 with u. Thus: 
shape number number mod 23 
4 4 022 
0 2 27 015 2 . 176 . 26 11 
3 -1 (-1)’ 1” 2 .210 1 
1 1 3 (-1)’ 1” 22 .210 11 
So again the fusion is clear. The stabilizer has order 2’ . 36 . 53 * 7 . 11 and 
is the MC Laughlin group MC. The full automorphism group of the lattice 
22 . 3l is thus 2 . MC .2. 
Transitivity on Triangles of Shape 233 
We show that the stabilizer of a 3-vector, u, is transitive on %-vectors 
having i.p. 16 with u. We choose u to be 4v, $ v when the orbits under 
MS3 are: 
shape number 
5 12s 
4 -4 022 23 
0 2s 015 506 
2 25 (-2)s 016 253 . (9 
1 3 (-1)’ 115 506 .8 
3 (-1)” 112 1288 
Now let the tetrad T be the first column of the MOG and let U be the 
tetrad 
-- -- 
0 x 00 00 
x0 00 00 
---. 
x0 00 00 
x0 00 00 
---‘$4 
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Observing the action of the element &<. on the toe cients in the first 
octad of the MOC of some of the above vectors, we see that ali the orbits 
fuse. Thus: 
- 
O 0 2 2 02 3 1 
0 0 -2 -2 0 2 -1 1 
T--5+ 7-r; o- -1 1 
2 2 0 0 02 -1 1 
The stabilizer of a triangle of shape 233 thus has order F . 32 . 53 . 7 . II 
and is: in fact, the Higman-Sims group HS. The full automorphism group 
of the lattice 2r ’ 32 is, therefore, 2 . HS . 2. 
Transitzkity on Triangles of Shape 333 
As above we let CL be the 3-vector 4v, + viz and show that the stabilizer 
of II is transitive on 3-vectors having i.p. 24 with u. The orbits under 2.J al-e: 
shape 
5 123 
Q 011 21" 
2 29 (-2)s 012 
3 32 (-1)s 112 
3 3 (-1)” -3 11s 
1 115 33 (-1)s 
4 25 (-2)3 015 
2 26 -2 4 015 
5 111 (-1)12 
We continue as in the previous cases. Thus: 
3 3 
-1-l 
5&J: - - 
1 1 
4 2 
0 2 
02 
o-2 
2 2 
00 
22; 
2 21 
1 3 
1 3 
‘13; 
l-1 
n-umber 
1288 
1258 . ;‘,“, 
1288 . (i”) 
253 .7. 45 
506 . (i) 
506 . (i) 
253 .7 . 16 
1288 
__ - 
2 0 -1 1 
-2 0 -1 1 
-+-----’ 
00 11’ 
00 1 I 
~ - 
2-2 
2 2 
T-7 
2 2 
__ - 
00 22 
00 -2 -2 
2+-pTF 
221 100 
--z I- 
1 5 
-1-l 
G’ 
-1-l 
4ww/3-9 
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Note that in the first two cases the coefficients may be parts of representatives 
of two different orbits. Thus fusion is complete. The stabilizer of a triangle 
of shape 333 is, thus, of order 24 . 37 . 5 . 11 and is in fact the group 35 . Ml, . 
The full automorphism group of the lattice 2O * 33 is, therefore, 
2 . 35 . M,, . S, . 
Transitivity and Action on Lattices of Shape 21f4 . 32 
We shall prove that the stabilizer of a 223-triangle is transitive on points 
distance 2 from each of the vertices of the triangle. Note that this will imply 
the action D, on the 4-orbit of a-vectors. 
Our method will be to take two different 223-triangles and, in each case, 
observe the lengths of the orbits under a known stabilizing group. Thus 
we take the 2-vectors: 
-3 111 112 
-3 111(-1)12 
and seek all 2-vectors having i.p. 16 with both of these. Orbits will be given 
under the action of the Ml, fixing them both. 
shape number 
-3 111 112 
-3 111 (-1)12 
-4 4 010 012 & 11 . 1 
-2 25 0” 2 -2 010 -2 11 . 12 
-3 lQ(--1)Q lQ(-1)Q (3 .2 11 . 10 
-1 3 110 1s (-1)Q 11 .2 11 .2 
Now we take instead the 2-vectors -3 123 and -4 -4 OQ2 when the 
orbits under the visible M,, fixing these are: 
shape 
-3 1 12s 
-4 - 4 022 
-4 0 4 021 
-2 - 2 26 016 
-3 - 1 (-1)’ 11s 
number 
22 
77 
176 
11 -2 
11 -7 
11 -16 
Since the orbits under the full McLaughlin group have to be unions of 
the above orbits in both cases, and since these orbit lengths have to divide 
the order of MC there can be only one orbit. Thus the stabilizer of the lattice 
2rG4 . 32 has index 52 . 11 in MC and is U,(3). The full automorphism group 
of the lattice 21+4 . 32 is thus 2 . U,(3) . D, . 
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Transitivity and Action on Lattices of Shape 23 . 33+’ 
We shall prove that the McLaughlin group fixing the %-vectors -3 lza 
and 42 O22 is transitive on 2-vectors having i.p. -8 with both of these. 
The orbits of the subgroup n/r,, on such 2-vectors are: 
shape 
-3 I 122 
4 4 022 
-2 0 (-2)7 015 
0 -2 (-2)5 22 0’5 
1 -3 110 (-I)12 
--I -1 -3 l’(-1)14 
Let W be the tetrad 
The element &.lw fixes the above two 2-vectors (module an element of iw2,) 
and has the action: 
-2 0 
o-2 
XT+ 
-2 0 
-31 40 
11 40 
11; T-c- 
11 00 
- - 
-1-l 
-3 -1 
y-i; 
-1 1 
40 
04 
oi; 
0 0 
~ - 
0 0 1 I/ 
-2 0 -1-3 
--+-----. 
o-2 1-1 
-2 -2 -1-l 
- - 
-2 -2 
0 0 
3-y 
-2 0 
-1 
Thus a!1 the orbits fuse and the stabilizer of the lattice 23 . 33+1 has index 
23 . 3* . 11 in MC. This is the group U,(5). The full automorphism group 
of the lattice 2” . J3+r is, therefore, 2 . U,(5) . S, . 
Transitivity on Simplices of Shape as in Fig. I.7 
We shall prove that the McLaughlin group fixing the 2-vectors -3 l23 
and (-4)2 022 is transitive on 2-vectors having i.p. 8 with both of these. 
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Note that this implies an Sa acting on the three 2-vectors in Fig. 5.7. The 
orbits of the JW~, fixing the above 2-vectors are: 
shape number 
-3 1 122 
-4 -4 022 
-2 0 (-2)3 24 015 176 . (;) 
0 -2 -2 2s 015 176 . (;) 
-3 1 110 (-1)12 616 
-1 -1 3 (-1)s 112 616 . 10 
-1 -1 (-1)6 -3 11s 77 . 16 
As before the element &.J& fixes the above two 2-vectors modulo an element 
of M2, . Its action on the first octad of the MOG has the following effect: 
ITSW : 
- __ 
-3 1 -3 1 
1 1 1 1 
F-f---i 
1 1 
1 1 1 1 
-__ 
-3 1 
l-l 
x-) 
-1 1 
-2 2 
-2 0 
.=; 
0 2 
-4 0 
-40 
-T-T+ 
00 
-- 
-4 0 -1 1 
o-4 -1-l 
.oo; 
1-1+ 
00 11 
- - 
-- 
00 -1-l 
-2 0 l-l 
20+----~ l-l 
00 -1-l 
- ~ 
-2 0 
00 
o-2 ’ 
00 
This is sufficient to ensure complete fusion and so the stabilizer of this 
simplex has index 23 . 52 3 7 . 11 in MC. T o construct the associated Y-lattice 
we take: 
--- 
-3 1 11 11 
1 1 1 1 11. 
c14= -i-i-y--i-y-y- , Cl5 = 
1111 11 
---M 
-3 1 l-l l-l 
1 1 l-l l-l 
GKI-1’ 
-1-1 -1 1 l-l 
---M 
Cl6 = 
when 
--- 
-4 0 0 0 0 0 
-4 0 0 0 0 0 
07-5-0 ’ 
00 00 00 
----~ 
-6-2-2 O-2 0 
Cl6 - Cl.4 - c=5 = -5-5-7y-2 - 0 Ef& 
0 0 o-2 -2 0 
-.-..----‘+f 
In the Y-lattice 2g . 3’j these are both candidates for cz6 or cS6. The permuta- 
tion of 1%f2, 
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and the unique pair of 2-vectors which sum to it are: 
--- 
1-1 -1-l -1 1 
-3-l -1-l -1 1 
1-1-1-1-l 1 
and 
1-l -1-I -1 1 
---M 
shows that there is an element in 4 fixing cl4 s cl5 and c16 and interchangin 
these two. Thus the stabilizer of the lattice 2$ ~ 36 has order ZZ3 . 36 . 5 an 
is 34 . A, . The full automorphism group of the lattice ZIs . 36 is, therefore, 
2 . 34 . A, . [(S, x S,) .2]. 
Transitivity on Lattices of the Type Named 25 . 31° 
We must prove transitivity on sets of four linearly independent 2-vectors 
with every i.p. -8. This will be demonstrated in the strongest possible 
sense i.e. we shall show that the group fixing each of three such vectors 
is transitive on candidates for the fourth. As first three we shall take: 
40 00 001 
40 
“=Tii oo=/ 0 0 oj 0 
00 00 00 -------M 
Candidates for the fourth are: 
shape 
-3 1 110 112 
4 4 010 cP2 
1-3 110 (-1)12 
-2 0 (-2)5 05 
0 - 2 (-2)5 05 22 010 
-1 --1 - 3 1 (-1)s (-I)6 16 
and w 
I 1 l-l 1-B 
-3 1 1-I 1-i I= _____ 
-1-l -1 1 i-a . 
-1-l -1 1 1-l 
I- 1 
number 
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Now the element &-I& followed by the permutation 
--- 
. a2 ~1 4 4 cs 
aI a3 cd 4 4 CG 
Kb, c2 d2 
b, . ef cg4 ---M 
of Ma4 fixes u, v, and w. The following shows that it fuses all the orbits 
above. 
-~-- 
-2 -2 -1-l 0 0 -1-l 
00 -1-l -2 -2 -1-l 
b&w : ----. 
0’T-i 00 -1-l 
00 11 00 -1-l 
- - - - 
Thus the stabilizer of the lattice 25 . 31° has index 22 . 32 . 7 in U,(5) and 
is therefore of order 500. Further the automorphism group of the lattice 
has a full S, action on the five 2-vectors. The SMOG gives a canonical 
set of five 2-vectors for this lattice as follows: Consider the pairing 
- 
0 ACEGI 
0 BDFHJ 
0 BDFHJ 
0 ACEGI 
- s 
on the SMOG columns (just 10 pairs). 
There are just five octads which are unions of pairs viz. 
DEGJ, FGIB, HIAD, JACK BCEH. 
If we understand by XYZT that 2-vector having the coefficient 2 in the 
X and Y positions and -2 in the Z and T positions, then the vectors: 
-- 
ADIH, CFAT EHCB, GJED, IBGF. 
form the required set and have the SMOG element of order five permuting 
them. (This element cyclically permutes the last five SMOG columns.) 
Transitivity on Lattices of Shape 227 . 336 
It will be sufficient to prove transitivity on simplices of shape as in Fig. I. 10 
and to verify that the 6-dimensional lattice obtained from this by adjoining 
associated 2-vectors as described above is, indeed, that y-lattice 227 . 336. 
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We take three 2-vectors v, w, and t where v . VII = v . t = w ~ t = 8 
as in Fig. I.10 (transitivity on such sets of vectors having already been 
proved) and seek candidates for the 2-vector I.Z which b.as i.p. 16 with each 
of these. Thus under the action of the MI, preserving v, , and t: 
shape number 
-3 1 11s 112 
-3 1 110 (-I)12 
-4 -4 010 012 t 
-4 0 -4 09 012 1 
-3 -1 -1 19 16 (-l)G 10 _ 2 
Now the element <& followed by the permutation 
of Ma, fixes each of: 
V= 
Thus there is just one orbit under the action of the stabilizer of v, w, and b. 
The subgroup of .O fixing each of u, v, w, and t therefore has order 2s 0 35, 
Now write 
v = cS6 and t = c15 .
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We see that 
b4 + cs6 - cxs = - (a Svector) 
__-- --__ 
-1-1 1 1 1 1 -1 1 l-l -1-1 
3-l 1 1 1 1 31 l-l 11 
c-z-- 
.1 1-1-1-i-i 
+ 
7-i-i-T-l 1 
1 1 -1-1 1 1 1 1 1 1 l-l 
---M --- 
(as a sum of two 2-vectors). 
M 
But, in the notation of Schalfli for the 27-lines group which we are 
adopting, b, + cs6 - c15 = b, + cS6 +I,, + cz3 = -a6 - cl4 and so we 
may label the above summands -a6 and ‘cl4 in some order. The element 
* a3 c8 f cz b, 
b,d, d2 b4 
. b, d3 e c4 a4 
---M 
of M2, interchanges these two vectors while keeping each of u, v, w, and t 
fixed and so we may choose the former to be -a6 and the latter to be -c14. 
We now have all the 2-vectors: 
These generate a 5-dimensional Jattice which is not an Y-lattice. As above 
b, + c15 - c13 is a 5-vector whose associated 2-vectors do not lie in the 
5-dimensional lattice but which will be labeled -a5 and -Cam in some 
order. These are, in fact: 
--- 
__-- -____ 
-6 0 2 0 0 0 -3 -1 1 1 
I 
-1 1 -3 1 l-l l-l 
-2 0 2 0 2 2 -1-1 l-l 1 1 -11 11 11 __ =--- 
-22 0 2 -1 1 1 1 -1 1 + -11-1-111 
22 00 20 1 1 l-l 1 1 1 1 -1 1 l-l 
---&f ---&f ---M 
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The permutation of Ma4 
fixes the aforementioned Sdimensional lattice pointwise and interchanges 
the two possibilities for -a5 and -cab. Thus the group 9 is transitive 
on lattices of type 227 * 336. The stabilizer of such a lattice has index 4 in 
the stabilizer of the simplex of Fig. 1.10 and so has order 2 . 35. 
We now demonstrate that the automorphism group of this lattice has, 
indeed, got the action of the 27-lines group. Certainly the action is a subgroup 
of the 27-lines group since the a-vectors define the graph of the 27-lines. 
But we have seen that .O is transitive on simplices of shape as in Fig. I.10 
and any such simplex contained in a lattice defines the lattice 227 ~ 336. 
The vector v may be any one of the 27 2-vectors, s aI , and w may be 
any further 2-vector which has i.p. 8 with a, ~ Thus ere are the 16 pos- 
sibilities b, , ai (for i = 1 - 6) and cij (for i, j # 1). If we choose w to 
a2 then there are just the 10 possibilities ai (for 21 2 - 6) and cij (for 
i, j # 1 or 2) for the vector t. Letting t be a3 we fin bat the only vectors 
having i.p. -16 with each of a,, a2 and a3 are A,, -b, and -b, s We 
have seen above that fixing the simplex of shape Fig. I.18 there is still a 
group of actions on the lattice of order 4. Thus the group of actions on the 
lattice is a subgroup of the 27-lines group of order 27 . 14 . 10 . 3 . 4, i.e., 
the whole group U,(2) .2. We list here a canonical set of 27 2-vectors. 
b, 
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b4 
--- 
-1 1 1 1 -3 1 
1-l -1-l -1-1 
1-1-1-1-l -1 
l-l -1-l -1-1 
---M 
Cl4 
--- 
00-40 40 
00 00 00 
-5-3-0 0 0 
00 00 00 
---‘P+,f 
--- 
02 22-22 
-2 0 0 0 0 0 
c23 -2-i-5-0 
-2 0 0 0 0 0 
---&f 
--~ 
o-2 2-2 -2-2 
20 00 00 
c56 2000 0 0 
20 00 00 
-------...-~ 
C26 
C35 
--~ 
00 20-20 
00 20-20 
0-5-T-2 0 
00 20-20 
---&f 
--__ 
00 20-20 
00-20 20 
00 2 0 
00-20 20 
---M 
__-- -~__ 
-3 1 -1 1 1 1 1 1 -3 1 -1 1 
-1-l l-l -1-I -1-l -1-1 l-1 
b5 -__- 
-1-l l-l -1-l 
b, -__- 
-1-l -1-l l-l 
-1-l l-l -1-1 -1-l -1-1 l-l 
---M ---&,f 
--- 
40 00-40 
00 00 00 
c25 03-T 0 0 
00 00 00 
---&f 
--- 
-2 2 0 2 2 2 
00-20 00 
c13 00 0 0 
00-20 00 
---M 
__-__ 
-2-2 o-2 2-2 
00 20 00 
c46 T-60 0 0 
00 20 00 
---M 
-2 0 0 0 2 0 
-2 0 0 0 2 0 
c34 -2Tiiio 
-2 0 0 0 2 0 
---M 
__-- 
-2 0 0 0 0 2 
20 00-20 
c16 2-6-iio 
20 00-20 
---,$J 
CONCLUSION 
--- 
-40 40 00 
00 00 00 
c36 T-ii-6-ii 0 0 
00 00 00 
-----&f 
-__- 
22-22 02 
00 00-20 
c12 T-ii-c-ii-2 0 
00 00-20 
----&‘e 
-__ -- 
2-2 -2-2 o-2 
00 00 20 
cq5 00 2 0 
00 00 20 
---.-.--$f 
Cl5 
---- 
20-20 00 
20-20 00 
20 0 0 
20-20 00 
---&f 
---- 
20-20 00 
-2 0 2 0 0 0 
c24 z-iii-0 0 0 
-2 0 2 0 0 0 
-----M 
To end the chapter we list here all the Y-lattices which exist along with 
their automorphism groups. 
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Y-lattice Automorphism group in ~ 
20 . 30 
21 . 30 
20 . 31 
23 ’ 30 
22 - 31 
21 . 32 
20 . 33 
2’+4 . 32 
2” . 31+3 
29 . 36 
25 . 310 
227 . 336 
.O 
2 . (-2) 
3 . (-3) 
2 . U,(2) . s, 
2,MC.2 
2.I-Is.2 
2 . (35 . A&) . s, 
2 . U,(3) . D, 
2 ' U,(5) ~ s, 
2 . (34 A,) . [(S, x S,) .2] 
2 G . S5 where j G j = 500 
2 . (35 .2) . U4(2) 
In each case the dimension of the lattice is given by log,(l + J + 1) 
where the lattice is 2’ . 3J. It should be noted that if G is the stabilizer of 
any vector in the Leech lattice fl, then there exists a chain 
where, for each i, / K,+1: .F& j = 2, and either K. C N OY X0 is contained 
in the pointwise stabilizer of some Y-lattice other than 2O3O. 
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